Hakimi and Schmeichel considered the problem of maximizing the number of cycles of a given length in an n-vertex planar graph. They determined this number exactly for triangles and 4cycles and conjectured the solution to the problem for 5-cycles. We confirm their conjecture.
Introduction
It is well-known that an n-vertex planar graph can have at most 3n − 6 edges. Given this fact, it is natural to ask about the maximum possible quantities of other structures. In 1979, Hakimi and Schmeichel [9] initiated such a study by determining the maximum number of triangles and 4-cycles possible in an n-vertex planar graph (see also [1] for a small correction). For a given graph H, let f (n, H) denote the maximum number of (not necessarily induced) copies of the graph H in an n-vertex planar graph. Note that we do not require that these copies of H are faces.
Alon and Caro [2] determined the value of the function f (n, H) in the case when H is a complete bipartite graph with smaller part of size at most 2. In the same paper they stated a conjecture due to Perles that for any 3-connected planar graph H, we have f (n, H) ≤ c H n for some constant c H depending on H. This conjecture was subsequently verified by Wormald in [16] . The exact value of f (n, K 4 ) was determined by Wood in [14] . In [8] , we determined f (n, P 3 ), where P 3 is the path with 3 edges.
In the paper of Hakimi and Schmeichel [9] an upper bound of 5n 2 − 26n was proved for the maximum number of 5-cycles possible in an n-vertex planar graph. They conjectured that a bound of 2n 2 − 10n + 12 should hold, which is attained by the graph D n in Figure 1 . We confirm that their conjecture holds (for n ≥ 8), and provide a complete charactarization of the extremal graphs for all n. Our main result is the following. Theorem 1. For n = 6 and n ≥ 8, f (n, C 5 ) = 2n 2 − 10n + 12.
For n = 5 we have f (n, C 5 ) = 6 and for n = 7 we have f (n, C 5 ) = 41. Moreover the planar graphs that maximize the number of copies of C 5 are the family D n of the graphs obtained from a cycle on n − 2 vertices by adding two vertices that are adjacent to each vertex of the cycle (Figure 1 ). When n = 8 or n = 11 the graphs A n in Figure 1 also achieve the maximum.
. . .
The problem of maximizing the number of copies of a graph H in a planar graph is related to some other problems which have been considered recently. Alon and Shikhelman [3] (see also [4] ) introduced a generalized extremal function ex(n, H, F), defined to be the maximum number of copies of H possible in an n-vertex graph containing no graph F ∈ F. When F contains only one graph F , we write simply ex(n, H, F ). Zykov [17] (and independently Erdős [5] ) completely resolved the case when H and F are both cliques. The problem of determining ex(n, C 5 , C 3 ) was a well known conjecture of Erdős and finally proved by Hatami, Hladký, Král, Norine and Razborov [10] and independently by Grzesik [7] . . . . Figure 2 : Graph E n has 2n 2 − 10n + 8 copies of C 5 .
By Kurotowski's [11] and Wagner's [13] theorems, respectively, the problem of determining f (n, H) is equivalent to determining ex(n, H, F), where F is either the set of K 3,3 and K 5 subdivisions or minors. Similar problems have also been considered when K t is forbidden as a minor or subdivision. The problem of maximizing the total number of cliques in such graph was investigated in a series of papers culminating in [12] and [6] . Maximizing the number of cliques of a fixed size in a graph without a K t minor was considered by Wood in [15] . We now introduce some notation which we will require. We denote the degree of a vertex x in a graph G by d G (x). When the graph being considered is clear we omit the subscript G. A path of length k traversing the vertices x 1 , x 2 , . . . , x k+1 in that order is denoted x 1 x 2 . . . x k+1 . The vertices x 1 and x k+1 are referred to as terminal vertices, and the remaining vertices are referred to as internal vertices. Similarly, a cycle of length k going through the vertices x 1 , x 2 , . . . , x k is denoted by
A copy of H in a graph G is a (not necessarily induced) subgraph of G isomorphic to H. For graphs G and H, we denote by N (H, G) the number of copies of H in G. The neighborhood of a vertex v is denoted by N (v), and the closed neighborhood (that is,
Given a graph G, the vertex and edge sets of G are denoted by V (G) and E(G), respectively. Let G be a graph and S ⊂ V (G), then G[S] denotes the induced subgraph of G on the vertex set S. Let C = x 1 x 2 . . . x k x 1 be a cycle in G, then C is said to separate vertices y, z ∈ V (G) in a planar embedding of G if y is in the interior of the curve formed by embedding the cycle and z is in the exterior. Proof. First, we show that G ′ = G[N (u) ∩ N (v)] is acyclic. Suppose there is a cycle u 1 u 2 u 3 ...u k u 1 , then we have a K 5 -minor, since contracting the cycle to a triangle would produce a K 5 , which contradicts planarity. Hence G ′ is acyclic.
, then taking three distinct vertices w 1 , w 2 , w 3 ∈ N (u) ∩ N (v) ∩ N (w) yields a K 3,3 with bipartite classes {u, v, w} and {w 1 , w 2 , w 3 }, which is again a contradiction. Therefore G ′ is a path forest.
The graph induced by {v, u}∪(N (u) ∩ N (v)) is a triangulation if and only it has 3 |N (u) ∩ N (v)| edges. Since we have 2 |N (u) ∩ N (v)| + 1 edges incident with u or v, this is the case if and only if the graph induced by N (u) ∩ N (v) has precisely |N (u) ∩ N (v)| − 1 edges, that is the path forest must be a single path. Lemma 2. Let G be a planar graph on k ≥ 3 vertices and let {u, v} be an edge of G, then the number of length three paths from u to v is at most 2(k − 3).
Proof. We may assume that N (u) ∩ N (v) = V (G) \ {u, v}, since otherwise Lemma 1 would imply the result. Indeed since G[N (u) ∩ N (v)] is a path forest, it has at most k − 3 edges and so there are at most 2(k − 3) paths of length 3 between u and v.
We are going to prove the lemma by induction on k, the result is trivial for k = 3. Consider the set of ordered pairs A = {(x, y) : uxyv is a path}. Let x be a vertex that is not in N (u) ∩ N (v), without loss of generality suppose x ∈ N (v). If x is in at most two pairs from A, then we can remove x and we would be done by induction, so suppose x is in at least three pairs from A. It follows that there exist three vertices distinct from u, say y 1 , y 2 and y 3 , in N (x) ∩ N (v). Suppose further that y 2 is such that the cycle xy 1 vy 3 x separates y 2 and u (see Figure 3 ). Then y 2 is not adjacent to u. Now contract the edge {x, y 2 } to a vertex x ′ , and note that with the exception of uxy 2 v, every path of length 3 from u to v using either x or y 2 yields a unique path of length 3 from u to v containing x ′ after the contraction. So by induction, in the contracted graph we have at most 2(k − 4) paths of length 3 from u to v and so in the original graph at most 2(k − 4) + 1 < 2(k − 3) such paths. Lemma 3. Let k ≥ 4, G be a k-vertex planar graph and let T be the set of three vertices of any triangular face of G, then the number of paths of length three with both end vertices in T is at most 4(k − 1). If there is no vertex adjacent to all vertices in T , then there are at most 4k − 9 such paths.
Proof. First we will prove the lemma in the case where every vertex is adjacent to at least 2 vertices of T . Let x 1 , x 2 , x 3 be the vertices of T , and let A = N (
Note that there is at most one vertex in the intersection
Suppose that there exists a vertex u incident to all vertices of T . The vertex u can have at most one neighbor in A and similarly at most one neighbor in B and C. The number of paths of length 3 from x 1 to x 2 using x 3 is precisely |B|+|C|, since each such path is of the form x 1 x 3 bx 2 with b ∈ B or x 1 cx 3 x 2 with c ∈ C. There are at most 2 paths of length 3 from x 1 to x 2 using u and a vertex not in A, since u has at most one neighbor in B and at most one neighbor in C (the only vertices not in A ∪ B ∪ C are the vertices of T ). All other paths of length 3 from x 1 to x 2 have internal vertices only from A, so by Lemma 2 we have at most 2|A|−2 such paths. Thus, we have a bound of 2|A|+|B|+|C| on the number of length 3 paths from x 1 to x 2 and similarly a bound of |A|+2|B|+|C| for the number of 4-vertex external paths from x 2 to x 3 and |A|+|B|+2|C| from x 3 to x 1 . Thus, in total we have at most 4(|A|+|B|+|C|) = 4(k − 1) paths of length 3 between vertices of T .
If there is no vertex adjacent with the three vertices of T , then we have at most one edge between A and B, and the same for B and C as well as C and A. In a similar way, we get a bound of 4(|A|+|B|+|C|) + 3 = 4k − 9 on the number of paths of length 3 between vertices of T . Now, suppose there is a vertex x which is adjacent to at most one vertex of T . If x is in at most 4 paths of length 3 between vertices of T , then we can remove x and the result would follow by induction (induction on k of the statement of the lemma; the base case, k = 4 is trivial). Suppose x is in at least 5 such paths, so x must have a neighbor in T , say x 1 , hence these paths have the form x 1 xyx i for some y and i = 2 or i = 3. Without loss of generality, there are three such paths x 1 xy 1 x 2 , x 1 xy 2 x 2 and x 1 xy 3 x 2 . Thus, one of y 1 , y 2 or y 3 , say y 2 , cannot be adjacent to x 1 or x 3 . Therefore if we contract the edge {x, y 2 } to a vertex z, the number of paths of length 3 between vertices of T increases by one. The only path that is lost is x 1 xy 2 x 2 , while the two new paths x 1 zx 2 x 3 and x 3 x 1 zx 2 appear. Thus, we are done by induction. Remark 1. Since G is triangulated, the neighborhood of every vertex has a Hamiltonian cycle. Indeed, let v be any vertex and consider the neighbors of v, v 1 , v 2 , . . . , v ℓ , in clockwise order around v. By our ordering there is no vertex interior to the triangle defined by v, v i , v i+1 for any i (indices taken modulo ℓ), thus the edge {v i , v i+1 } must be present for otherwise we would not have a triangulation.
Proof of Theorem 1. It is simple to check that f (5, C 5 ) = 6, since there is precisely one maximal planar graph on 5 vertices. Let g(n) = 2n 2 − 10n + 12 for n = 7, and g(7) = 2 · 7 2 − 10 · 7 + 13 = 41. The lower bound, f (n, C 5 ) ≥ g(n), for n ≥ 6 can by checked by taking the graph D n , which has g(n) copies of C 5 . For the upper bound, let G be a maximal planar graph that maximizes the number of copies of C 5 . We may suppose G is a triangulated planar graph on n vertices, and suppose G is embedded in the plane. The proof proceeds by induction on the statement that f (n, C 5 ) ≤ g(n). For the base case n = 5, we are already done, since f (5, C 5 ) = 6 ≤ 12 = g (5) .
Note that for n = 8, 7, g(n) − g(n − 1) = 4(n − 3), while g (7) − g(6) = 17 and g(8) − g(7) = 19. Therefore, by defining an (n − 1)-vertex graph G ′ , such that, the difference N (C 5 , G) − N (C 5 , G ′ ) is bounded by 4(n − 3), the proof of the upper bound would follow by induction (except when n = 8, where we need a bound of 4(n − 3) − 1).
We will divide the proof into several cases according to whether there is a vertex of degree 4 or 3 or the minimum degree is 5. For simplicity, we will assume that the first fixed vertex v is in the interior of the cycle defined by its neighborhood.
Case 1. Suppose G has a vertex of degree 4, say v. In this case let
Note that it is not possible for both of the edges {v 1 , v 3 } and {v 2 , v 4 } to be present in G, since otherwise we would have a K 5 .
Without loss of generality, suppose the edge {v 2 , v 4 } is not present, and consider the graph G ′ obtained by removing v and adding the edge {v 2 , v 4 }. We are going to bound N (C 5 , G)−N (C 5 , G ′ ). Equivalently, we bound the number of copies of C 5 in G containing v minus the number of copies of C 5 in G ′ that use the edge {v 2 , v 4 }.
We say that a 5-cycle in G containing v is of type k, if it contains precisely k vertices which are not in N [v], and we say that a 5-cycle in G ′ is of type k, if it contains the edge {v 2 , v 4 } and precisely k vertices which are not in N (v). Let N k be the number of type k cycles in G minus the number of cycles of type k in G ′ (N 3 ≤ 0, while N k = 0 for k ∈ {0, 1, 2, 3}). Note that
We say that a path is internal if all of its vertices are in N [v]. We say a path is external if all of its non-terminal vertices are not in N [v]. (Note that a path can be neither external nor internal.)
We will count the number of type 1 cycles using a vertex x according to whether they use consecutive or nonconsecutive vertices in the 4-cycle.
For each
(where indices are taken modulo 4) and i = 1, 2, 3, 4, the cycles of type 1 in G using the is an edge, then we have one of vv i xv i+1 v i−1 v or vv i+2 v i xv i+1 v (according to whether i is odd or even), but in this case we also have one of the following type 1 cycles in
, we have only the following four cycles of type 1 in G:
Therefore we have
where h(i, j) is the number of internal 4-vertex paths from v i to v j containing v, that is, h(2, 4) = 4 and h(i, j) = 2 for every other pair (i, j), 1 ≤ i < j ≤ 4. Note that for every type 2 cycle in G of the form vv i xyv i+1 v, we have one following type 2
Thus, N 2 is bounded by the number of 4-vertex external paths from v 1 to v 3 and from v 2 to v 4 . Note that N 0 is either 4 or 6 depending on whether
In this case there is no path joining v 2 and v 4 without using v, v 1 or v 3 . It follows that N 2 is at most the number of 4-vertex external paths from v 1 to v 3 . Note that there is at most one vertex in V (G) \ N [v] which is adjacent to v 1 , v 2 and v 3 as well as at most one adjacent to v 3 , v 4 and v 1 . Every other vertex is adjacent to at most two vertices of N (v).
For n = 6, we must have that G is E 6 , which has 20 five cycles, so suppose n ≥ 7. We will assume that there exists a vertex u, u = v, adjacent to v 1 , v 2 , v 3 and a vertex w, w = v, u, adjacent to v 3 , v 4 , v 1 , since the result follows in a similar way in the other cases. We have that N 0 = 6 and N 1 ≤ 12 + 2(n − 7) by (1) . Indeed, this is true since both u and w each contribute to six type 1 cycles and every other vertex (outside of N [v]) contributes at most two to N 1 . Equality holds if and only if every vertex other than u is in V \ N [v], and w is adjacent to precisely two vertices of N (v).
By applying Lemma 2 to the regions determined by the triangles v 1 v 2 v 3 v 1 and v 3 v 4 v 1 v 3 (containing u and w, respectively), we have at most 2(n − 7) 4-vertex external paths from v 1 to v 3 , and there are at least two type 2 cycles in G ′ , namely uv 2 v 4 wv 3 u and uv 2 v 4 wv 1 u, hence N 2 ≤ 2(n−7)−2. Thus, we have
Note that if every vertex in V \ N [v] besides u and w is adjacent to precisely two vertices of N (v), then there are precisely n − 7 edges not incident with N (v). Since every 4-vertex external path from v 1 to v 3 is of the form v 1 xyv 3 , where the edge {x, y} is not incident to N (v), we have a bound of 2(n − 7) on the number of such paths, and equality is only possible if every such vertex in V \ N (v) is adjacent to both v 1 and v 3 . Therefore, either G is E n , which has 2n 2 − 10n + 8 copies of C 5 , or N (C 5 , G) − N (C 5 , G ′ ) < 4(n − 3). For n = 8 we are done, while for n = 8 it is simple to check that G ′ cannot be D 7 , so G ′ can have at most 40 copies of C 5 and we are also done by induction.
Case 1. b) Suppose the edge {v 1 , v 3 } is not present and there does not exist another vertex distinct from v which is adjacent to v 1 , v 2 , v 3 and v 4 . In this case we have that N 1 = 4. Also note that in this case n ≥ 7 and there cannot exist vertices
As in the previous case, there is at most one vertex u = v adjacent to v 1 , v 2 , v 3 , and there is at most one vertex w, w = v adjacent to v 3 , v 4 , v 1 . We will assume that both vertices exist, since the other cases are similar, and in those cases it can be proven with a similar argument that the bound on N (C 5 , G) − N (C 5 , G ′ ) is strictly smaller. Let X be the set of vertices in V \N (v) that are adjacent to precisely two vertices of N (v), and let Y be the set of vertices which are adjacent to just one vertex of N (v). Both u and w contribute to six type 1 cycles of N 1 and every vertex of X contributes to two, so we have that N 1 ≤ 12 + 2 |X|.
Suppose that w and u are adjacent, then we have the for 4-vertex external path v 2 uwv 4 from v 2 to v 4 , and two 4-vertex external paths from v 1 to v 3 using the vertices u and w: v 1 uwv 3 and v 1 wuv 3 . For each vertex x ∈ V \ N [v], besides u and w, any 4-vertex external path from v 1 to v 3 must include u or w, but if x is in two such paths, then x must be adjacent to both u and w. We would then have the type 3 cycle in G ′ given by xuv 2 v 4 wx, while x cannot be in any 4-vertex external path from v 2 to v 4 , hence x contributes to most one to N 2 +N 3 . Note that for every x ∈ X, sicne x must be adjacent to two consecutive vertices of N (v), the we have a type 2 cycle in G ′ , namely if x is adjacent to v 1 and v 2 for instance, we have the 5-cycle xv 2 v 4 wv 1 x. And also, since we have the paths v 1 uwv 3 , v 2 uwv 4 and v 3 uwv 1 and the type 2 cycles uv 2 v 4 wv 3 u and uv 2 v 4 wv 1 u in G ′ , we have that N 2 + N 3 ≤ 1 + (n − 7) − |X|.
Therefore N (C 5 , G) − N (C 5 , G ′ ) ≤ 17 + (n − 7) + |X| ≤ 17 + 2(n − 7), which is less than 4(n − 3) if n ≥ 8. If n = 7, in fact G is D 7 , and this graph has 41 copies of C 5 . For n = 8, we have that N (C 5 , G) − N (C 5 , G ′ ) ≤ 19, however it is easy to check that the graph G ′ is not D 7 , so it must have at most 40 five cycles, and it follows that G could have at most 59 five cycles.
If u and w are not adjacent (note that this is only possible if n ≥ 8), then there is no 4-vertex external path from v 2 to v 4 . Then by Lemma 2, we have at most 2(n − 6) 4-vertex external paths from v 1 to v 3 . Since we have at least two additional type 2 cycles in G ′ , namely uv 2 v 4 wv 3 u and uv 2 v 4 wv 1 u, we have that N 2 ≤ 2(n − 6) − 2. Therefore N (C 5 , G) − N (C 5 , G ′ ) ≤ 4(n − 3), which for n ≥ 9 implies by induction that N (C 5 , G) ≤ 2n 2 − 10n + 12. Moreover, equality is only possible if every vertex in V \ N [v] except for u and w is adjacent to precisely two vertices of N (v). If this is the case, then there are n − 6 edges not incident with N (v), so the number of 4-vertex external paths from v 1 to v 3 is at most 2(n − 6), with equality if and only if each vertex in V \ N (v) is adjacent to both v 1 and v 3 , and so equality can only be achieved if G is D n . Case 1. c) Suppose the edge {v 1 , v 3 } is not present and there exists a vertex u, u = v, which is adjacent to v 1 , v 2 , v 3 and v 4 . Observe that for n = 6, G is equal to D 6 and has 24 five cycles, so suppose n ≥ 7. Note that there cannot be any vertex other than u in V \ N [v] which is adjacent to both v 1 and v 3 or both v 2 and v 4 . Let X be the set of vertices that are adjacent to precisely two vertices of N (v), and let Y be the set of vertices which are adjacent to just one vertex of N (v), then N 1 = 14 + 2 |X|.
Observe that every vertex of Y is in at most one 4-vertex external path from v 1 to v 3 or one 4-vertex external path from v 2 to v 4 , and each of these paths must go through the vertex u. A vertex x ∈ X can only be in two such paths but this only occurs if x is adjacent to u. Since u can be adjacent to at most one vertex of X in the region bounded by uv i v i+1 u, there are at most 2 min{4, |X|} ≥ 8 such 4-vertex external paths using u and a vertex of X. Also note that every x ∈ X is in a type 2 cycle of G ′ (for example, if x is adjacent to v 1 and v 2 , then xv 1 uv 4 v 2 x is a five cycle in G ′ ). Therefore N 2 ≤ |Y | − |X| + 8, and it follows that
This last bound is strictly less than 4(n − 3) if n ≥ 11. Before dealing with the smaller cases (n = 7, 8, 9, 10) we note the following, if there is precisely one vertex x inside the region v i v i+1 u, then this vertex x is adjacent to the three vertices v i , v i+1 , u and no other vertex can be adjacent to these three vertices. We can apply induction in this case by removing x, and the details will be handled in the next case (Case 2.a). If there are precisely two vertices x, y in the region uv i v i+1 u, then one of these two vertices, say x, will have degree 4 and have the neighborhood {v i , v i+1 , y, u}. By taking the vertex x, we would be in Case 1.a.
For the smaller values of n we have the following. If n = 7, clearly there will be precisely one vertex in one of the four regions uv i v i+1 u. If n = 8, then either we have two vertices in the same region (Case 1.a) or two regions with one vertex (Case 2.a, which is considered later). If n = 9 or n = 10, and if the other four vertices of G are in the same region v i v i+1 u, then N 2 ≤ |Y | − |X| + 2. It follows that N (C 5 , G) − N (C 5 , G ′ ) ≤ 20 + |X| + |Y | < 4(n − 3), so either we are done by induction or there are at least two regions containing vertices inside. In the latter case, by the pigeonhole principle, we must find a region with either 1 or 2 vertices. Case 2. Suppose G has a vertex v of degree 3, and let {v 1 , v 2 , v 3 } be its neighborhood. Then v 1 v 2 v 3 v 1 is a triangle, and we will assume v is in the interior of the triangle. The number of five cycles in G containing v is precisely the number of 4-vertex paths with end vertices in N (v). Let G ′ be the graph induced by G[V \ v]. Now we will distinguish two cases based on whether or not there exists another vertex adjacent to the three vertices of N (v).
Case 2. a) Suppose there is no vertex u, u = v, which is adjacent v 1 , v 2 and v 3 . By Lemma 3, there are at most 4(n − 3) − 1 five cycles containing v. Thus, by induction, if n ≥ 6, n = 8, we have N (C 5 , G) < 2n 2 − 10n + 12. For n = 8, this gives a bound of at most 60 five cycles.
Case 2. b) Suppose there is a vertex u, u = v, which is adjacent to the three vertices of N (v). We can also assume that there is no vertex of degree 4, since otherwise we would be done by the previous cases. If two of the regions uv i v j u, i, j ∈ {1, 2, 3}, say uv 1 v 2 u and uv 2 v 3 u, are empty. It follows that the vertex v 2 would be a 4-degree vertex. So we can assume that at most one of these regions is empty. We note that in particular, for n = 6, there is no such graph, while for n = 7 or n = 8, there is just one such graph which has 36 or 60 five cycles, respectively (see Figure 5 ).
Suppose n ≥ 9. It is simple to check that G ′ cannot be D n−1 , A 8 or A 11 . Indeed, D n−1 has n − 2 ≥ 7 vertices of degree 4 and since not all of them are adjacent to v, then G would already have a vertex of degree 4. Both A 8 and A 11 have one vertex of degree 3 in each of their faces and one of these vertices would be adjacent to v and there would be a vertex of degree 4 in G. We have then that N (C 5 , G ′ ) ≤ (n − 1) 2 − 10(n − 1) + 11 and so if v is in at most 4(n − 1) five cycles we would be done by induction.
If there is at least one vertex which is not adjacent to any vertex of N (v), then such a vertex does not appear in any 4-vertex path joining vertices of N (v). Thus, by Lemma 3, v would be in at most 4(n − 3) five cycles and we would be done by induction.
Thus, we may assume that every vertex is adjacent to at least one vertex of N (v).
Note that every vertex of Y can be adjacent to at most 2 vertices of X ∪ {u}, since otherwise we would have a K 3,3 copy in G. It follows that any vertex y ∈ Y is in at most three 5-cycles containing v, but y can only be in three 5-cycles if y is adjacent to both u and a vertex of X, otherwise y is in at most 2 such cycles. Also we can suppose that if y ∈ Y is such that N (y) ∩ N (v) = {v i }, then every neighbor of y is also a neighbor of v i . Since if there is a vertex w which is a neighbor of y but not of v i , then by contracting the edge {y, w}, the number of 4-vertex paths with both end vertices in N (v) would increase by one (as in the proof of Lemma 3), then by applying Lemma 3 in the contracted graph, we would get a upper bound of 4(n − 3) − 1 on the number of 4-vertex paths with both end vertices in N (v). In particular, this implies the following claim. Proof. Let X ′ be the set of vertices of X inside the triangle uv i v j u, and let m = |X ′ |. If m = 0 there is nothing to prove, so suppose m ≥ 1 and let x 1 , x 2 , . . . , x m be the vertices of X ′ , ordered such that for each s = 2, 3, . . . , m, the vertices x 1 , x 2 , . . . , x s−1 are inside the region x s v i v j x s . For simplicity let x m+1 = u, we are going to show that x s is adjacent to x s+1 and so x 1 , x 2 , . . . , x m is a path. Since N (v s ) is a cycle, it follows that there are two paths from v i to v j containing only vertices of N (v s ), one of which only uses vertices in the close region x s v i x s+1 v j x s . This path must use the vertex x s+1 , for otherwise there would be a path v i y 1 y 2 . . . y r v j such that y 1 , . . . , y r are all in Y . However there must be a first index k such that y k is adjacent to v i and y k+1 is incident with v j , which is impossible.
We can conclude from Claim 1 that each vertex of Y is in at most three 4-vertex paths with both end vertices in N (v). If we remove the vertices of Y and apply Lemma 3, we have a bound of 4(n − 3) + 4 − |Y | on the number of these 4-vertex paths. So we can suppose that |Y | ≤ 3, otherwise we would be done by induction.
We will distinguish two further subcases based on whether or not at least one of the regions of uv i v i+1 u, i = 1, 2, 3, is empty.
Case 2. b)* Suppose one of these regions is empty, say uv 1 v 2 u. By Lemma 3, v is in at most 4(n − 3) + 2 − |Y | five cycles. Indeed, if we add an extra vertex w to this region, then this vertex would be in six 5-cycles containing v. Thus, by Lemma 3, we would get a bound of 4(n − 1) − |Y | (including the 5-cycles containing w). So if this happens and |Y | ≥ 2, then v would be in at most 4(n − 3) five cycles, and we would be done by induction. Thus we can suppose |Y | ≤ 1, moreover if |Y | = 1, the vertex of Y (if it has one) must be adjacent to u since otherwise it would be in at most two 4-vertex paths with both end vertices in N (v).
The set of vertices of X in both the region uv 2 v 3 u together with u and the region uv 3 v 1 u together with u induce paths ending with u. It follows that X together with u induce a path on |X| + 1 vertices. So the path P induced by the vertices of X together with u has at least |X| − 2 internal vertices excluding u. Note that these internal vertices have exactly four neighbors in V \ Y .
For n = 9, if Y = ∅, then P has two internal vertices, and so a vertex of degree 4. Otherwise |Y | = 1, and P has one internal vertex x. If the vertex of Y is not adjacent to x, then we have a vertex of degree 4, and so we are done. If the vertex of Y is adjacent to x, then there are two possible graphs, and we can check that the number of 5-cycles in the resulting graphs is 79 and 80 (see Figure 5 ).
If n ≥ 10, then |X| ≥ 4. Hence there are at least two vertices of X which are internal in the path induced by X together with u, and if Y = ∅, the single vertex of Y can be adjacent to at most one of these vertices, and so all remaining internal vertices (excluding u) have degree 4. Therefore we are done by Case 1.
Case 2. b)** Suppose now that for each i, j there is at least one vertex in the region uv i v j u, so the graph A 8 is contained in G.
If n = 9, then wherever the last vertex is added we will have a vertex of degree 4 and so we would be done by Case 1. If n = 10 or n = 11, then there is precisely one such graph with no vertex of degree 4, and these graphs have, respectively, 110 and 144 five cycles (see Figure 5 ).
If n ≥ 12, then |X| ≥ 4. In the interior of one of the regions, say uv 1 v 2 u, we are able to find at least two vertices of X. Let x 1 be a vertex in this region, such that x 1 v 1 v 2 x 1 is a face, and let x 2 be its neighbor from X. If x 1 is adjacent to precisely one vertex of Y , then x 1 would have degree 4. If x 1 is adjacent with two vertices of Y , then these two vertices are not adjacent to u and so both are in at most 2 five cycles containing v. Therefore v would be in at most 4(n − 3) five cycles.
So suppose x 1 has degree 3, with neighborhood {v 1 , v 2 , x 2 }. If there is no vertex that is adjacent to both v 1 and x 2 but not adjacent to v 2 , then we would be back in Case 2.b)*. So suppose such a vertex y 1 exists. Note that y 1 must be in Y , since x 2 is inside the region uv 1 v 2 u, and every vertex of X in this region is adjacent to both v 1 and v 2 . Analogously, we can suppose there is a vertex y 2 ∈ Y adjacent to x 2 and v 2 . Now if these vertices are not adjacent to u, then v would be in at most 4(n − 3) five cycles and we would be done by induction. If these two vertices are adjacent to u, then there would be precisely two vertices of X in the region uv 1 v 2 u. By the same reasoning, if there is another region uv i v j u with at least two vertices of X, then we would be able to find at least two more vertices of Y or we would be in Case 2.b)*. However, the former possibility is not possible since |Y | ≤ 3. If there is precisely one vertex of X in the regions uv 2 v 3 u and uv 3 v 1 u, then |X| = 4, and so n ≤ 12. Hence n = 12, |Y | = 3 and the vertex of X in one of the regions uv 2 v 3 u or uv 3 v 1 u has degree 4, therefore we are done by case 1.
Case 3. Suppose there is no vertex of degree 3 or 4, then the mimimum degree of G is 5. Let v be a vertex of degree 5, and let v 1 , v 2 , . . . , v 5 be the neighbors of v arranged such that v 1 v 2 v 3 v 4 v 5 v 1 is a cycle. There must exists some i such that both edges {v i , v i−2 } and {v i , v i+2 } are missing (where indices are taken modulo 5). Without loss of generality, let v 1 be such a vertex. Also it is not possible for both edges {v 2 , v 4 } and {v 3 , v 5 } to be present in G, so we will assume {v 3 , v 5 } is not an edge. Consider the graph G ′ obtained from deleting v and adding the edges {v 1 , v 3 } and {v 1 , v 5 }.
As in Case 1, we say that a 5-cycle in G containing v is type k, for k = 0, 1, 2, if it contains v and precisely k vertices not in N [v], and we say that a five cycle in G ′ is type k, for k = 0, 1, 2, if it contains at least one of the edges {v 1 , v 3 } or {v 1 , v 4 } and precisely k vertices not in N (v). Let N k be the number of type k cycles in G minus the number of type k cycles in G ′ . We say that a path is internal if all of it vertices are in N [v]. We say a path is external if all of its vertices which are not endpoints are not in N [v].
The number of type 1 cycles is
is the number of internal 4-vertex paths from v i to v j containing v minus the number of internal 4-vertex paths from v i to v j using at least one of the edges {v 1 , v 3 } or {v 1 , v 4 } (since for each such path and 
In G we have the following internal 4-vertex paths using at least one of the edges
We can also check that for every internal 4-vertex path containing v, and at least one of the edges {v 2 , v 5 } or {v 2 , v 4 } (in the case they are present in G), except for the path v 4 v 2 vv 5 , there is a corresponding internal 4-vertex path in G ′ .
We have the following chart: none of these edges is present, while there is one type 0 cycle using only {v 4 , v 2 }, three using only {v 2 , v 5 } and one using both. Hence N 0 ∈ {5, 7, 9, 12}, accordingly.
We will make use of the following fact. If G is a planar graph with minimum degree 5 and abca is a triangular region with one vertex in its interior, then this region must contain at least 3 vertices.
Case 3. a) Suppose there is a vertex u = v which is adjacent to every vertex of N (v). Note that in this case, neither of the edges {v 2 , v 5 } or {v 2 , v 4 } can be present in G, so N 0 = 5. We have that u contributes to 18 type 1 cycles, and every other vertex is adjacent to at most two vertices of N (v), which must be consecutive. In particular any other vertex contributes to at most 2 type 1 cycles, so N 1 ≤ 18 + 2(n − 7). Finally we have that each of these vertices can be in at most one 4-vertex path from v 2 to v 5 , since each such path must include u, so N 2 ≤ (n − 7). Hence N (C 5 , G) − N (C 5 , G ′ ) ≤ 23 + 3(n − 7). We have that for any two consecutive regions, uv i−1 v i u, uv i v i+1 u, one must contain a vertex in its interior, since otherwise v i would have degree four. So at least three of the regions uv i v i+1 u, must contain a vertex in their interior. However since the minimum degree is 5, it follows that each such region must have at least 3 vertices, therefore n ≥ 17 and for these values of n we have that 23 + 3(n − 7) < 4(n − 3). Case 3. b) Suppose there exists a vertex u ∈ V that is adjacent to precisely four vertices of N (v). Without loss of generality, suppose these 4 vertices are v 4 , v 5 , v 1 and v 2 . Since v 2 and v 5 cannot be adjacent, we have N 0 ≤ 9. As in the previous case every vertex in V \N [v] different from u can be in at most one 4-vertex path from v 2 to v 5 , so N 2 ≤ 2(n − 7). Note that it is not possible for all three of the regions uv 4 v 5 u, uv 5 v 1 u and uv 1 v 2 u to be empty since each of v 1 and v 5 must still have another neighbor, and so one of this faces must have at least 3 vertices.
If there exists a vertex w ∈ V that is adjacent to v 2 , v 3 and v 4 , then we also have that one of the regions wv 4 v 3 w or wv 3 v 2 w must contain at least 3 vertices (so n ≥ 14). Moreover any vertex in such a region contributes to at most one type 1 cycle. Thus, in this case we have N 1 < 12 + 3 + 2(n − 8), hence N (C 5 , G) − N (C 5 , G ′ ) < 22 + 3(n − 7) ≤ 4(n − 3).
If no vertex is adjacent to v 2 , v 3 and v 4 , then the neighbors of v 3 outside of N [v] contribute to at most 1 type cycle, since there are at least to such vertices, we have that N 1 ≤ 14 + 2(n − 9), so N (C 5 , G) − N (C 5 , G ′ ) ≤ 19 + 3(n − 7) < 4(n − 3), since n ≥ 12.
Case 3. c) Suppose that every vertex in V \N [v] is adjacent to at most 3 vertices of N (v), note also that if there is an external path of length 2 from two non consecutive vertices of N (v), say v i , x, v i+2 , then there cannot exists an external path of length 2 from v i+1 to either v i−1 or v i+3 . So we can assume without loss of generality that v 1 is such that there is no external path of length two from v 1 to v 3 or v 4 .
If {v 2 , v 4 } is an edge of G then we have that no vertex inside the region v 2 v 3 v 4 v 2 can be in an external 4-vertex path from v 2 to v 5 , and since this region must contain at least 3 vertices, we have by Lemma 1 that N 2 ≤ 2(n − 10). There can exists at most one vertex w distinct to v which is adjacent to v 2 , v 4 and v 5 , w would contributes to six type 1 cycles. Also there is at most one vertex z distinct to v adjacent to v 3 , v 4 , v 2 , z would contributes to three type 1 cycles, we have that v contributes to four type 1 cycles, and every other vertex contributes to at most 2 type 1 cycles, therefore N 1 ≤ 13 + 2(n − 9), since N 0 ≤ 12 we have N (C 5 , G) − N (C 5 , G ′ ) ≤ 27 + 4(n − 10) < 4(n − 3).
If {v 2 , v 4 } is not an edge of G, then N 0 ≤ 7. In this case, a vertex adjacent to one of v 2 or v 5 and one of v 3 or v 4 would contribute to five type 1 cycles, and a vertex adjacent to both v 3 , v 4 and one of v 2 or v 5 would contribute to three type 1 cycles. Since there can exist at most one such vertex in each case, we have that N 1 ≤ 12 + 2(n − 9). Finally by Lemma 1, we have N 2 ≤ 2(n − 7), therefore N (C 5 , G) − N (C 5 , G ′ ) ≤ 15 + 4(n − 7) < 4(n − 3).
